We study fixed points of quantum gravity with renormalisation group methods, and a procedure to remove certain convergence-limiting poles from the flow. The new setup is tested within the f (R) approximation for gravity by solving exact recursive relations up to order R 70 in the Ricci scalar, combined with resummations and numerical integration. Results include fixed points, scaling exponents, gap in the eigenvalue spectrum, dimensionality of the UV critical surface, fingerprints for weak coupling, and quantum equations of motion. Our results strengthen the view that "most of quantum gravity" is rather weakly coupled. Another novelty are a pair of de Sitter solutions for quantum cosmology, whose occurrence is traced back to the removal of poles. We also address slight disparities in the literature, and give bounds on number of fundamentally free parameters of quantum gravity.
I. INTRODUCTION
Despite of its perturbative non-renormalisability it continues to be an open question whether Einstein gravity exists as a well-behaved and predictive quantum theory of the metric degrees of freedom [1] . At low energies, quantum gravity effects can be determined reliably. With increasing energy, however, the interaction strength grows without bound and an effective theory description breaks down near the Planck scale [2] . The main novelty of the asymptotic safety conjecture for gravity is to observe that quantum effects turn gravitational couplings such as Newton's constant into running ones [1, [3] [4] [5] . The anti-screening nature of gravity thereby weakens the gravitational couplings at shortest distances and leads to an interacting fixed point above the Planck scale [3] . A finite number of fundamentally free parameters -associated with the relevant interactions in the UV -ensure predictivity, and characterise renormalisation group trajectories which connect the high-energy fixed point with classical general relativity at low energies.
Wilson's renormalisation group [6] [7] [8] has become a powerful tool for tests of the asymptotic safety conjecture [9] . The methodology is highly versatile [10] [11] [12] and allows the derivation of flow equations for running couplings at weak and strong coupling alike. In asymptotically safe theories, and much unlike in asymptotically free ones, the set of relevant, marginal, and irrelevant couplings is not known from the outset. Still, interacting fixed points can be searched for systematically with the help of a bootstrap [13] . In this spirit, and with canonical power counting as the primary guiding principle, substantial evidence for asymptotic safety has been accumulated. This covers Einstein Hilbert approximations and variants thereof , numerous higher curvature extensions [13, , and the inclusion of matter (see [101] for a recent review). High-order studies have also revealed that quantum gravity becomes "as Gaussian as it gets", meaning mostly weakly coupled except for a few dominant interactions [13, 59, 71] . In a similar vein, for general 4d quantum field theories without gravity, strict conditions and no-go theorems for asymptotic safety at weak coupling have also been found [102, 103] . Interacting fixed points in gauge-matter theories [104] [105] [106] [107] [108] [109] [110] are invariably in accord with the bootstrap. Further examples for exact asymptotic safety include large-N fermionic, scalar, Yukawa, and supersymmetric models in 3d [111] [112] [113] [114] [115] [116] [117] [118] [119] .
An important recent stream of works has dealt with simplified models with f (R)-type actions for quantum gravity. A motivation for this is the similarity with derivative expansions in critical scalar theories [54] , where fixed points are under good control [120] . Thus far studies include high-order polynomial approximations for small curvature, Padé resummations, asymptotic expansions for large curvature, and fully integrated solutions. These works also brought a number of interesting riddles to light. Most studies agree on the existence of fixed points, yet some fail to identify scaling exponents in the first place, while those that do determine them then fail to agree on the precise number of relevant couplings and the dimension of the UV critical surface. Also, small field and large field expansions find vastly different scaling exponents. Many works have noted that gravitational flows employing background fields display technical singularities in the Ricci curvature. The requirement of regularity for physical solutions across singular points constrains, and potentially overconstrains, the feasibility of fixed points. Finally, in some settings the fixed point equations of motion display de Sitter solutions while in others they do not.
In this paper, we have a fresh look at gravitational flows. Our primary focus are improved momentum cutoffs, constructed in such a way that technical poles along the flow are absent from the outset [54] . In this manner, we find flows with the smallest number of poles, and the smallest number of constraints. We are particularly keen on clarifying whether and how the absence of poles modifies fixed points, and whether this affects in any noticeable way some of the key features such as the weakly-coupled nature of higher order interactions.
We exemplify our strategy within high-order polynomial expansions of f (R) quantum gravity, doubling-up over previous efforts [89] . The stability and good convergence observed earlier [13, 59, 65] makes this setup an ideal starting point for our purposes. It also allows a detailed comparison with earlier work where technical poles were still present, covering all salient features of the theory including fixed points, radii of convergence, scaling exponents, gap in the eigenvalue spectrum, near-Gaussianity, and de Sitter solutions. For reasons detailed below, we limit ourselves to the regime of small or moderate Ricci curvature, up to the order of the renormalisation group scale. In addition, we provide bounds on the fundamentally free parameters of quantum gravity and offer a perspective on how some of the differences amongst earlier findings can be lifted. Some of our findings have structural similarities with interacting fixed points in non-gravitational theories, and we add a few comments to that effect whenever suitable.
The rest of the paper is organised as follows. In Sec. II we review the derivation of flow equations for f (R) gravity (Sec.II A), explain the origin of curvature poles along the flow, detail our removal strategy (Sec. II B), and introduce our main new modifications (Sec. II C). In Sec. III we present and discuss our results for asymptotic safety of gravity, including high-order recursive solutions for polynomial fixed points in the curvature scalar (Sec. III A), details of the underlying bootstrap search strategy (Sec. III B), results for the size of the UV critical surface (Sec. III C), bounds on the number of fundamentally free parameters of quantum gravity (Sec. III D), evidence for near-Gaussianity of universal scaling exponents (Sec. III E), some fingerprints for weak coupling (Sec. III F), and new implications for cosmology (Sec. III G). We disucss our findings and conclude in Sec IV.
II. RENORMALISATION GROUP
In this section we discuss the renormalisation group for gravity and a new setup leading to improved flow equation, exemplarily given for f (R) models of quantum gravity.
A. Flows for quantum gravity
We put forward exact renormalisation group equations [8] adapted for quantum gravity following the methods of [9, 18, [47] [48] [49] . The setup centres around the effective average action Γ k which depends on the infrared cutoff scale k. Our ansatz for the effective average action takes the form of a scale dependent F k (R) theory in d = 4 spacetime dimensions,
supplemented by classical gauge fixing S gf , ghost S gh and auxiliary field terms S aux . The function F k (R) depends on the RG scale k as well as the (dimensionful) scalar curvatureR. The additional terms are assumed to be independent of the scale k taking the form of the corresponding terms in the bare action. We also introduce a wilsonian cutoff by adding a term quadratic in the fields to the action,
Here {ϕ i } stands for the different fields and R k for the matrix of wilsonian momentum cutoffs in field space. It obeys the limits R k (q 2 ) > 0 for q 2 /k 2 → 0 and R k (q 2 ) → 0 for k 2 /q 2 → 0. The cutoff (2) is removed once k → 0 whereby Γ k falls back onto the full physical effective action. Gauge or diffeomorphism invariance is implemented with the help of the background field method where the spacetime metric
is split into a fluctuation h µν and backgroundḡ µν . The exact functional flow for (1) is given by
It relates the change with renormalisation group "time" t = ln k of the effective action Γ k to an operator trace over the full propagator multiplied with the scale derivative of the cutoff itself. The momentum cutoff in field space R k ensures that (4) is finite both in the UV and in the IR. By construction (4) interpolates between a microscopic (classical) theory (k → ∞) and the full quantum effective action Γ (k → 0). At weak coupling, iterative solutions of the flow (4) generate the conventional perturbative loop expansion [121, 122] . In the limit where the momentum cutoff R k (q 2 ) becomes a momentum-independent mass term the flow (4) reduces to the well-known Callan-Symanzik equation [10] . The right-hand side (RHS) of the flow (4) is local in field and momentum space implying that the change of Γ k at momentum scale k is governed by fluctuations with momenta of the order of k. Optimised choices for the regulator term [123, 124] allow for analytic flows and an improved convergence [125] . In given approximations, the impact of neglected invariants in the effective action can be probed through the variation of technical parameters such as the RG cutoff scheme R k [20, [126] [127] [128] [129] and through variations of the projection method [120] . To compute the flow equation for Γ k in gravity with action (1) we evaluate the trace appearing on the right side of (4) on a space of constant curvature and to identifyḡ µν = g µν [71] . To facilitate this, we employ the transverse-traceless decomposition of the metric fluctuation [130] 
and similarly for the ghosts
After making these decompositions we also obtain contributions to the operator trace from a host of auxiliary fields resulting from the non-trivial Jacobians in the path integral measure following from (5) and (6) . We then obtain several traces over the metric fluctuations, ghosts and auxiliary fields, and the flow equation (4) with (1) takes the form
where all the hessians in the traces are evaluated atḡ µν = g µν . Hereλ, λ and ω are auxiliary fields arising from the Jacobian associated to σ,c T , c T and ζ are auxiliary fields arising from the Jacobian associated to ξ, ands and s are auxiliary fields arising from the Jacobian associated toη and η. The prime or the double prime at certain traces in (7) indicate that the zero mode or the zero mode and the negative modes in the eigenspectrum of Laplace-type operators on the 4-sphere should be removed (see Sec. II B).
In order to find a final form of the flow equation for F k (R) one needs to specify the gauge fixing condition and the cutoffs R k for the various fields. We will employ the gauge fixing condition
We also take the Landau limit α → 0 which is a renormalisation group fixed point [131] . For this choice the gauge fixing action is independent of the trace h =ḡ µν h µν and the transverse-traceless metric fluctuation h T µν depending only on ξ and σ. For the two "physical" fluctuations h and h T µν we use a "type I" cutoff function [47, 49] defined by the following replacement formula
where R k (Z) is the shape function which we choose to be the optimised cutoff [123, 124, 129 ]
and θ(k 2 − Z) the Heaviside theta function. For the fluctuations other than those of the physical h and h T µν fields we shall choose the regulator to achieve two aims: firstly, to maximise the cancellation of unphysical modes, and, secondly, to minimize regulator-induced artifacts such as technical poles that are known to arise for some regulators. The first aim can be satisfied at the level of operator traces. For our choice of gauge, cancellations between terms in (7) will occur provided we choose the regulator coherently for different fields. This can be achieved by picking a type I cutoff for all fields as in (9) , whereby equations fall back to those investigated previously [13, 59] (see also [47] [48] [49] ),
Cancellations have occurred between the gauge-fixed fields and the corresponding ghosts. However the flow equation (11) leads to technical poles for positive real Ricci curvature. For (10) they are located at
This follows from noticing that the numerator of the last two terms in (11) with (10) vanishes identically as soon as θ = 0. When θ = 1, their denominators turn into k 2 −R/d and k 2 −R/(d−1), respectively, leading to (12) . Evidently, the poles (12) are of a technical nature in that they arise from technical choices which regularise the "unphysical" degrees of freedom. From a practical point of view, singularities or poles constrain the radius of convergence of polynomial expansions [65, 71] . Poles for real positive Ricci curvature may also affect the existence of global fixed point solutions (for all fields). Provided that the number of poles is larger than the number of boundary conditions that can be tuned to avoid singularities, too many technical poles may rule out the existence of a global fixed point [54, 55] . For this reason, we will now turn to a setup in which technical poles are absent by construction.
B. Removal of curvature poles
We now explain how technical poles for real Ricci curvature -which may arise as a consequence of choices for the momentum cutoff -are avoided. An example for this has been given in [54] , where the technical poles (12) were removed by a choice of regularisation, alongside further modifications. To avoid regulator-induced pathologies we will adopt a cutoff procedure which modifies the third and fourth term in (11) . Our modifications are minimal, and applicable even beyond the f (R)-type actions discussed here.
Let us first note that in the gauge δ = 0 the hessian of gauge fixing action and the hessian of the ghost and auxiliary fields takes the form (up to inconsequential constant factors)
gh,ηη = ∆ 0a ∆ 0b , S
aux,ss = ∆ 0a
gh,
where we have three types of differential operators,
We then pick the regulated two-point function Γ (2) + R k such that each of the operators (14) in the hessians is replaced according to
for i = 0a, 0b, 1. This prescription determines the regulator R k in (4). For example, the longitudinal gauge-fixed field σ is regularised according to
It then follows from the structure of the flow equation (4) that those traces where the hessians are higher-order differential operators turn into a sum of traces involving only a single second-order differential operator, plus the regulator term in the denominator. This is illustrated again for the longitudinal gauge-fixed field σ, where we find
gf, σσ + R k = 2Tr
Using this property, it then follows that the traces in (4) over all fields reduce to four traces
Much unlike (11) we observe that curvature poles are absent in the third and fourth term as a consequence of our cutoff choice. When evaluating the traces, as in (7), we must remember to remove the zero mode and the negative modes in the spectrum of ∆ 1 and ∆ 0b which occur on the 4-sphere; as usual, this is indicated by the prime and the double prime assigned to the final two traces, respectively. The new flow equation (16) , and the qualitative and quantitative differences with respect to (11) , is the central subject of this work.
C. Improved flows for quantum gravity
Next, to evaluate the traces we use the early time heat kernel expansion. At this point we switch to dimensionless variables and set d = 4 writing
with R ≡R/k 2 denoting the Ricci scalar in units of the RG scale. We have also introduced a numerical factor to ensure that the dimensionless Newton coupling g ≡ G N (k)k 2 is related to f by g = −1/f (0), without any further numerical factors. In these conventions, the flow (16) takes the form
where a prime denotes a derivative with respect to R. The function I[f ](R) on the RHS encodes the effects of quantum fluctuations, and depend on higher derivatives of f up to f (3) . The explicit expressions for I[f ](R) are identical to those summarised in App. A of [59] , except for the following substitutions
The denominators D S = R − 3 and D V = R − 4 which occurred for a type I cutoff in (11) are now absent in (16) . Structurally, the improvement through (19) over previous formulations of the flow relates to the removal of unphysical poles (12) which occurred since for a type I cutoff we have. Interacting fixed points are the non-trivial solutions f * (R) of the differential equation ∂ t f (R) = 0 with (18) . Using the explicit form of the function I[f ] which contains f (R) as highest derivative one can write the fixed point equation in normal form to find a non-linear third-order differential equation for the unknown function f (R) at an interacting fixed point, 
.
In addition to the pole at R = 0 we observe that the differential equation (20) displays two fixed singularities on the real axis corresponding to the non-trivial zeros of the polynomial in the numerator on the RHS of (20) . These are located at
A few comments on (21) are in order. First and foremost, propagator-induced poles at fixed curvature such as (12) are now manifestly absent from the flow. The remaining poles (21) do not originate from propagators. Instead, they invariably relate to the physical trace fluctuations of the s field (s = h − ∇ 2 σ) 1 , and can be seen as a manifestation of the underlying physical degrees of freedom.
Secondly, for a regular fixed point solution to exist for all fields, regularity conditions must be obeyed across the fixed singularities. Technical poles (12) together with those at (21) may overconstrain (11) and prohibit the existence of global solutions [55] . Given that the fixed point equation (20) is of third order, the presence of three fixed poles would seem to imply a discrete number of non-singular global solutions. The distribution of poles (21) along the real axis, with one on either side of the origin, implies that a one-parameter family of global solutions may exist for either positive or negative Ricci curvature. 2 Regardless of their precise location on the real axis it would seem advantageous to have exactly three fixed singularities without being under-nor overconstrained, and a discrete number of isolated global solutions. Three fixed singularities is exactly what we find once the technical poles are removed from the flow.
Finally, fixed point solutions often have further singularities (poles or cuts) in the complex field plane. The singularity closest to the origin determines radii of convergence for polynomial expansions of the effective action or the quantum equations of motion. These may well be in the complex Ricci curvature plane such as in [65] , or at the points (21) which lie along the real axis [71] .
Below, we shall not be concerned with global solutions. Primarily, we wish to focus on the regime with small background curvature where an expansion of the fundamental action in field monomials is viable thanks to abundant evidence for the applicability of canonical power counting [1, 13, 59, 71] . Also, we evaluate the operator traces using the heat kernel, which itself is reliable for sufficiently small background Ricci curvature. Finally, we note that little is known about the large-field asymptotics at a gravitational fixed point. Requiring fixed point solutions for truncated effective actions to exist globally presupposes that the large-field asymptotics is also controlled by the very same truncated effective action as the small-field region. Since f (R) approximations are not closed, this tacit assumption cannot be taken for granted.
III. RESULTS
Next, we give an overview of results, covering the fixed point from recursive relations, a bootstrap test for asymptotic safety, universal scaling exponents, the dimensionality of the UV critical surface, the approach to near-Gaussian behaviour, and implications for cosmology.
A. Fixed points
We begin by explaining how viable interacting fixed point solutions with (20) are identified within a polynomial approximation of the f (R)-type action around vanishing Ricci curvature. To this end, we approximate the action by curvature invariants with increasing canonical mass dimension,
where the gravitational couplings are defined as λ n = f (n) (0)/n!, and N denotes the order of the polynomial approximation. For sufficiently large N , we expect the series to converge within a finite radius |R| < R c . The ansatz (22) tacitly assumes that canonical power counting continues to be a good approximation scheme at interacting fixed points, which is confirmed a posteriori (see below).
At the heart of our calculations are exact recursion relations for the gravitational couplings in (22) . Differentiating the fixed point condition (20) and employing the expansion (22), we obtain explicit expressions which determine higher order couplings in terms of lower order ones, λ n+2 = λ n+2 (λ 0 , λ 1 , . . . , λ n+1 ). Solving these relations recursively yields algebraic expressions for all couplings λ n (for all n ≥ 2) in terms of the vacuum energy λ 0 and (minus) the inverse dimensionless Newton coupling λ 1 , leading to λ n = λ n (λ 0 , λ 1 ). Closed analytical solutions for the recursive relations are presently not at hand. Still, they can be solved algebraically, order by order, which we do with the help of a dedicated C++ code [89] . The resulting expressions have the form of ratios of polynomials P n and Q n in the parameters λ 0 and λ 1 with integer coefficients,
We have computed the polynomials P n and Q n up to order n = 70. Their size grows rapidly with n: the number of non-trivial terms contained in each of them scales approximately as ∝ n 2.7 with a proportionality constant of the order of a few, slightly larger for P n than for Q n . At the highest order, we find 10 5 non-trivial terms in either of them. Also, the maximal power of λ 0 (λ 1 ) contained in P n grows roughly linearly with n, and reaches approximately 600 (400) at n = 70.
It remains to determine the free parameter λ 0 and λ 1 , for which we adopt the numerical search strategy detailed in [59] . Specifically, we determine the free parameters at polynomial approximation order N by requiring that the next two higher fixed point couplings vanish,
This closes the approximation and provides us with two equations for two unknowns. 3 Notice that neither the existence nor uniqueness of solutions is guaranteed from the outset. Still, our search strategy starts off with the Einstein-Hilbert approximation N = 2, which does offer a unique fixed point candidate. We then increase N → N + 1 and search for solutions of the new boundary condition (24) which are nearby to the previously found solution. If several such solutions are found, we pick the one whose scaling exponents are nearby those of the solution found at the previous approximation order. In principle, given the algebraic nature of the equations, many solutions may exist. In practice, we only find a small number of solutions at each and every order. With increasing N , the physical solution materialises as an accumulation point of nearby spurious solutions [59] , in a pattern similar to what has been observed previously in critical scalar theories [119] . Unphysical solutions appear and disappear with varying N , and distinguish themselves through strong variations in the scaling exponents with no consistent convergence pattern from order to order. More details on our search routine and improved boundary conditions to (24) are discussed in [59] . Here, we performed this analysis from N = 2 up to N = 71 to reach significantly beyond the maximal order of N = 35 achieved previously [13, 59, 132, 133] .
Our results for the couplings are displayed in Tab. 1, and Fig. 1 . We find a viable fixed point with a positive Newton's coupling g = −1/λ 1 and a positive cosmological constant λ = −λ 0 /(2λ 1 ) at each and every approximation order, with Tab. 1 showing the first 32 couplings at the highest order N = 71. All gravitational couplings are of order unity, except for a few couplings λ 2+4i which tend to come out smaller by one or two orders of magnitude and whose order-by-order convergence is slower. Newton's coupling comes out of order unity, indicating that the fixed point is strongly coupled with sizeable gravitational anomalous dimensions. Fig. 1 (Fig. 1) . We observe an approximate eight-fold periodicity pattern in the signs of couplings (see main text).
order convergence of polynomial couplings λ n for n = 0 up to n = 70 (bottom to top). For better display, we have normalised couplings in units of their asymptotic values at approximation order N = 71 (see Tab. 1). We observe that couplings converge towards stable values, albeit quite slowly. Roughly every fourth coupling λ 2+4i displays stronger fluctuations, starting with λ 2 . This can be traced back to the periodicity pattern and the fact that λ 2 is classically marginal. The absence of a tree-level contribution from the canonical mass dimension implies that its fixed point must arise purely on the quantum level. Then, cancellations are more sensitive to accurate fixed point values, leading to stronger fluctuations and slower convergence. For the first three couplings, we find that the accuracy in the fixed point improves by a decimal point if, approximately, N → N + 40. A similarily slow rate of convergence has been observed in previous f (R) studies, where this has been traced back to a convergence-limiting pole in the complexified field plane [13, 59, 65] . We also observe an approximate eight-fold periodicity pattern in the sign of couplings, related to a convergence-limiting pole (or cut) of the solution f * (R) in the plane of complexified Ricci curvature. The pole is approximately located at an angle of ≈ π/4 from the origin, and at a distance R c set by the radius of convergence [59, 65] . An estimate for the radius of convergence is obtained by evaluating R c = (λ n /λ n+m ) 1/m for each approximation N , and in the limit of large n with m fixed. Taking m to be an integer multiple of eight to reflect the underlying periodicity pattern and averaging over the accessible values for n we find R c ≈ 0.878 (25) as the mean value over all possible radii. To obtain (25) , and at each approximation order N , we excluded the five lowest couplings (because the periodicity pattern sets in after that) and the 10 highest couplings (as these have not yet converged properly). The radius compares well with the result of [65] , where a different regularisation was used. Moreover, we also confirm another qualitative result of [65] , which is that gravity remains an attractive interaction for all background Ricci curvature (f (R) < 0) within |R| < R + .
B. Bootstrap
With a stable fixed point candidate at hand, we are now in a position to check whether it is also a viable candidate for an asymptotically safe version of quantum gravity. Since the fixed point is (strongly) interacting, the irrelevancy of higher-dimensional curvature invariants cannot be taken for granted. To ensure that terms such as √ gR n with n > 70 (neglected in the present study) Bootstrap test for asymptotic safety and canonical power counting. From left to right, each line D n shows the n th largest eigenvalues from all approximation orders (N ≥ n), connected by a line. At fixed n, and with increasing approximation order (increasing x = N + 2n) we observe that all curves D n consistently grow with an average slope of D n (x) ≈ 2. This demonstrates that invariants with increasingly large canonical mass dimension correspond to increasingly irrelevant operators at the UV fixed point, confirming the hypothesis (26) .
are not spoiling asymptotic safety, we must check that the underlying approximation scheme (22) is viable [13] . The tacit hypothesis underneath (22) is that
• the relevancy of invariants at an interacting fixed point continues to be governed by the invariant s canonical mass dimension .
If so, it is perfectly acceptable to truncate the series (22) at some highest order N max , such that all relevant operators are already contained within the approximation with no other relevant operartors arising beyond N max . The hypothesis is trivially true for non-interacting fixed points such as in asymptotic freedom, and for any weakly interacting fixed point where anomalous dimensions are under perturbative control. It also holds true for all fixed points observed in nature, including strongly interacting ones. The virtue of the hypothesis (26), for our purposes, is that it can be verified as soon as fixed points and scaling exponents are known. The procedure has the form of a bootstrap. To that end, we must compute the set of universal scaling exponents of the theory at each and every order in the approximation. Universal scaling exponents are obtained as eigenvalues of the stability matrix M ij = ∂β i /∂λ j | * . At approximation order N , the set of N eigenvalues is given by
with eigenvalues sorted according to magnitude. The number of negative eigenvalues determines the size of the UV critical surface [1] , with each negative eigenvalue corresponding to a fundamentally free parameter of the theory. It is vital for the asymptotic safety conjecture that the number Figure 3 . Dimensionality of UV critical surface. Shown are the smallest eight universal eigenvalues ϑ n (N ) with n = 0, · · · , 7 for the 70 different approximation orders (thin black lines), and their values at the highest order (thick red line). All approximation orders invariably display a three-dimensional UV critical surface related to the three negative eigenvalues {ϑ 0 , ϑ 1 , ϑ 2 }. The conclusion is further supported by the sizeable gap between the smallest negative and the smallest positive eigenvalue.
of negative eigenvalues remains finite to ensure predictivity. To check whether the hypothesis is realised in the data, we must show that the step from N → N + 1 (corresponding to the inclusion of a new invariant √ gR N ) leads to the appearance of a new, largest eigenvalue in the spectrum (27) , larger than those encountered at lower orders in the approximation [13, 59] ..
In Fig. 2 we summarize the evidence in support of (26) . The order-by-order variation of eigenvalues is displayed as follows: Each line D n (x) shows the n th largest eigenvalue in the spectra (27) (real part if complex), connected by a line, with x(N ) = N +2n increasing with approximation order N . For example, the line D 1 , the first line to the left, picks the largest eigenvalue max i ϑ i (N ) for each and every approximation order, and then connects them with increasing N = 2, 3, 4 · · · , 70 (from bottom left to top right). The working hypothesis (26) is verified provided the lines D n grow consistently with increasing x. This is fully confirmed in Fig. 2 for all lines D n . Notice that, in places, the curves shift sideways, which is understood due to the first occurence of complex conjugate pairs of exponents [59] . Overall, the average slope of growth is approximately given by the canonical mass dimension of the Ricci scalar, as expected from canonical power counting. In Fig. 2 , for comparison, the slope corresponding to canonical scaling is indicated by a gray line. Most importantly, there are no indications for the growth to slow down nor to turn over, and we conclude that canonical power counting is applicable in our model for quantum gravity.
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C. UV critical surface
We are now in a position to determine the size of the UV critical surface, determined by the number of negative eigenvalues in the spectrum (27) . In Fig. 3 , we show the first eight eigenvalues for various approximation orders. Thin black lines indicate the approximately 70 data points, and wider red lines show the values at the highest order. The first three eigenvalues ϑ 0 , ϑ 1 , and ϑ 2 come out negative at each and every order in the approximation. Their variation with N is weak. Two of these constitute a complex-conjugate pair, which is in qualitative agreement with earlier findings. Introducing ϑ 0 = −θ 0 + iθ 0 , ϑ 1 = −θ 0 − iθ 0 , and ϑ 2,3 = −θ 2,3 , we find θ 0 = 2.529 ± 0.018 θ 0 = 2.196 ± 0.014 θ 2 = 1.657 ± 0.011 θ 3 = −3.822 ± 0.015 (28) after averaging over the three highest cycles of eight approximations (i.e. the 24 data sets from N = 48 to N = 71). The smallness of the error estimate, corresponding to a standard devitation, shows that (28) holds true for essentially all approximation orders individually. From ϑ 3 onwards, all eigenvalues are positive (or have a positive real part, if complex). We conclude that the UV critical surface is three-dimensional.
Another quantity of particular interest is the gap in the eigenvalue spectrum, ∆ UV , which measures the "distance" between the smallest relevant and the smallest irrelevant eigenvalues. Classically, the gap reads ∆ = 2. Quantum-mechanically, we observe from Fig. 3 that ∆ UV = ϑ 3 − ϑ 2 . Quantitatively, we find
Hence, fluctuations have widened the gap. The result (29) compare well with findings in [59] , where ∆ UV ≈ 5.58 was found. Including Ricci tensor fluctuations, the gap widens further, ∆ UV ≈ 5.98. Overall, we conclude from (28) that the leading four scaling exponents deviate noticeably from classical values {4, 2, 0, −2} owing to strong fluctuastions in the deep UV. We also conclude that the modified regularisation of modes introduced here does not lead to qualitative modifications in the results [13, 59, 132, 133] .
In Fig. 4 , we extend the study of Fig. 3 to all eigenvalues ϑ n for all approximation orders N . The inset on the right side explains the colour-coding of approximation orders N , while the top legend indicates the use of symbols. The dashed horizontal line shows the boundary between relevant and irrelevant eigenvalues. For fixed n, we note that the variation with N is moderate. Also, results for the lower order approximations are plotted on top of those for the higher-order approximations. The near-invisibility of red-coloured data points at low n (Fig. 4) nicely documents that the loworder approximations only differ very mildly from the more accurate values at higher orders. Traces of an underlying eightfold periodicity pattern continue to be visible in Fig. 4 .
We note that canonical power counting continues to be a "good" ordering principle. Moreover, we also observe that with increasing n, most scaling exponents take near-Gaussian values within or close to the narrow gray-shaded strip around Gaussian exponents,
Most of the exponents in the near-Gaussian strip in Fig. 4 are slightly above Gaussian values (30) . This behaviour of curvature invariants with large canonical mass dimension has first been observed in [13] . We emphasize that a near-Gaussian asymptotics is not required for asymptotic safety. It would be sufficient if scaling exponents ϑ n remain positive for sufficiently large n. The results in Fig. 4 clearly document that the scaling exponents {ϑ n } at an interacting UV fixed point only deviate noticeably from Gaussian exponents {ϑ G,n } for a rather small set of lowdimensional curvature invariants. In non-gravitational quantum field theories, Gaussian or nearGaussian exponents are known to arise either at free or weakly interacting fixed points in large-N limits, e.g. [104] [105] [106] [107] [108] [109] [110] [113] [114] [115] 119] . For interacting fixed points, the appearance of exactly classical exponents is then traced back to the existence of an exactly marginal coupling. In this light, our results suggest that a "nearly marginal coupling" or "small parameters" are hidden within this formulation of quantum gravity. We return to this point in Sec. III F.
D. Fundamentally free parameters
Let us discuss our results from the viewpoint of the full quantum theory of gravity beyond the approximations adopted here. Of particular interest is the set of fundamentally free parameters of the theory, corresponding to the number N free of relevant and marginally relevant operators at the UV fixed point [1, 13, 57] . To obtain a bound on these, we exploit the applicability of canonical power counting [1, 13, 59, 71] and functional RG results from different projection methods and approximation orders. We also take notice of the fact that variations of the RG scheme modify the projection of the full theory onto a given operator basis [120] . This information may then be used to probe the impact of omitted operators [120, 123, 124, [126] [127] [128] .
We begin by recalling that the cosmological constant and the Ricci scalar, i.e. the invariants with the smallest canonical mass dimensions, have robustly been established as relevant interactions irrespective of the underlying RG scheme and the projection method . Equally important, this result is robust under the substantial inclusion of higher-dimensional interactions [13, 59, 71] . We conjecture that both of these remain relevant couplings in the full theory [21] .
Next, following on with the canonically marginal interactions, our results in Figs. 3, 4 -based on the projection of fourth-order interactions onto a R 2 term -state that at least one linear combination of these should remain relevant in the full theory. Together with the relevancy of the canonically relevant and marginal couplings, this result implies the lower bound
on the number of fundamentally free parameters of quantum gravity. This result is consistent with [71] where the projection, instead, has been made onto a R µν R µν term. It has also been observed that projected R 2 interactions may come out irrelevant for certain cases [63] , or change from relevant to marginal to irrelevant through a continuous variation of the RG scheme [72] . The eigenvalue spectra may still change under the inclusion of higher order interactions [13, 59, 71] . Assuming that they do not, the findings [63, 72] are equally in accord with the lower bound (31) . Additionally, the result indicates that at least one linear combination of the fourth order couplings is irrelevant at a fully interacting fixed point. Incidentally, either of these findings are consistent with the model of [53] , where it is found with the help of Einstein spaces that only one of the two linear combinations dominated by R 2 and R µν R µν interactions become relevant at an interacting fixed point. In this light, the slight disparity amongst some of the earlier findings [13, 45, 47, 48, 59, 63, 72] is associated to differences in the projection of the RG flow onto the full theory, rather than to differences in the underlying physics. 4 Continuing with sixth-order interactions such as R 3 [13, [47] [48] [49] 59 ], the Goroff-Sagnotti term C µν ρσ C ρσ τ λ C τ λ µν [67] , Ricci tensor invariants such as R · R µν R µν [71] , or even higher-order terms such as R 2+n [13, 59] , (R µν R µν ) n or R · (R µν R µν ) n [71] , all for n ≥ 2, we observe that these invariably come out as irrelevant, including here (Figs. 3, 4) . In other words, higher-order interactions do not introduce new fundamentally free parameters into the theory, in accord with (31) . Formal arguments for the existence of an upper bound on N free in the f (R) approximations [57] are in accord with our results and [13, 59] . Based on our findings, and together with [13, 59, 71] , this would seem to indicate that at most all classically relevant and marginal couplings become relevant couplings quantum mechanically, though much more work will be required to identify an upper bound on N free . Hence, provided that the full theory displays an interacting fixed point, our results offer the lower bound (31) and indications for an upper bound on the dimensionality of the UV critical surface. 5 
E. Near-Gaussianity
It is useful to study the trend towards Gaussian scaling in Fig. 4 in more detail. We perform a least square fit for the large-order behaviour of scaling exponents by a simple linear form, similar to (30) . We introduce (32) are plotted as function of N max , the highest approximation order retained for the fit. Shown are the fit (blue), together with the 1σ-(red), and the 3σ-band (orange) of variations, and the values for canonical scaling (gray dashed). While the leading coefficient seems to approach the classical limit (a → 2) with increasing N max , the subleading term b increasingly deviates form its classical limit.
where a and b are fit parameters to be determined from the available data, (27) . In the free theory the values would read a G = 2 and b G = 4, see (30) . For the fit, we use the data sets from approximation order N = 12 to N = N max = 71, following [13] . We always exclude the largest two eigenvalues of each set to avoid truncation artefacts (the highest eigenvalues have, typically
, not yet converged well to their asymptotic values). We find a = 2.042 ± 0.002 b = 2.91 ± 0.05 .
The slope a is very close to the Gaussian slope whereas the constant b exhibits a deviation from its Gaussian value. This can also be understood from Fig. 4 where the vast majority of the data points lies above the Gaussian line. This implies that the eigenvalues ϑ n , for sufficiently large n, deviate from their canonical values (30) by a correction of order 1/n. We note that the fit errors only reflect the statistical fluctuations of the underlying data set. They do not account for systematical errors due to the truncation of the system. Therefore the fit values in principle can change outside the statistical error bars when the maximum approximation order N max is varied. Let us compare (33) with a similar fit carried out in [13, 59] for fixed point data up until N max = 35, also based on a slightly different RG flow. There the values a = 2.17 ± 5% and b = 4.06 ± 10% were found. We observe that doubling the approximation order moves a closer to its Gaussian value. In turn, the subleading coefficient b has moved further away from Gaussian values. This trend can be understood by investigating how the parameters a and b depend on the maximal order of the polynomial approximation, N max , retained in the fit. This is illustrated in Fig. 5 . The left panel shows the fit for a(N max ) for different values of N max within the interval [22, 71] . Besides the fit itself (blue line), we also display the 1σ (red) and the 3σ (orange) bands of variation. The smallness of the variations documents that the fit is matched by most of the data points, with only mild fluctuations overall. Moreover, the plot clearly documents the trend that a(N max ) slowly decreases, possibly asymptoting towards its canonical value for N max → ∞. Similarly, the right panel of Fig. 5 displays the same analysis for b(N max ) . Here, however, we observe that b increasingly deviates from Gaussian values with increasing N max . We expect both a and b to asymptotically approach a constant in the limit N max → ∞. For a we have indications ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
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• ▼ ▼ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ v exp( n/n e ) Figure 6 . Signatures for weak residual interactions. Shown are the parameters v n which serve as a measure for the effective coupling strengths of higher order curvature invariants, for all n ≥ 4 and all approximation orders; see (34) . The inset and the top legend explain the colour-coding of approximation orders N . The black dashed line corresponds to a simple exponential fitv n , detailed in (35) . To guide the eye, the thin gray line connects data from the highest approximation.
that the limiting value may coincide with its Gaussian value, but not so for b.
F. Fingerprints of weak coupling
It is interesting to discuss the approach towards Gaussian scaling from the point of view of the underlying interaction strengths. It is well-known that weakly coupled quantum field theories with near-Gaussian fixed points [104] [105] [106] [107] [108] [109] [110] or with exactly marginal interactions [113] [114] [115] [116] give rise to small deviations from Gaussian scaling. In this light, we quantify the impact of quantum fluctuations by measuring the deviation of scaling exponents from classical scaling. Naturally, strong quantum effects relate to large deviations from classical scaling, and vice versa. A virtue of this implicit definition for "effective coupling strengths" is that it relates to universal quantities rather than to non-universal values of the underlying couplings.
Following [13, 59] , we introduce the deviations from canonical scaling by the relative distance of the corresponding universal eigenvalue ϑ n from Gaussian values ϑ G,n ,
The effective couplings (34) may be expressed explicitly in terms of the polynomial couplings of (22) at the fixed point. By definition, we have that v n → 0 for ϑ n → ϑ G,n , which is why they can be taken as a measure for the strength of residual interactions.
In Fig. 6 we show our data for v n for all approximation orders N . The inset explains the colour-coding, and the top legend details the symbols used to denote the different approximation orders N . The thin gray line connects data from the highest approximation order. The overall trend shows that the effective coupling strengths (34) decrease with increasing n. To capture this behaviour more quantatively we consider averages of v n (N ) over various approximation orders N , which we denote byv n , and then search for a suitable numerical fit. A good fit is provided by a simple exponential,v
where n e and v are two fit parameters. In Fig. 6 , the black dashed line corresponds to the fit (35) . Quantitatively we find the parameters v = 0.209 and n e = 38.05. The result implies that v n decreases by an order of magnitude whenever n increase by ∆n ≈ 89. The important piece of information here is that the data shows a consistent, albeit slow, asymptotic decay towards near-Gaussian values. Extrapolation of (35) to higher orders predicts that for sufficiently large approximation order (with N n) we have
in the limit 1/n → 0. This result (35) , (36) is quite remarkable from the viewpoint of the underlying interactions. For a strongly coupled theory, one would have expected O(1) deviations from classical scaling for any of the universal eigenperturbations, while a weakly coupled theory would give minute deviations only. In the model of quantum gravity considered here, we face a mixture of either of these: for the few relevant eigenperturbations, i.e. those due to the canonically relevant and marginal couplings, the quantum corrections are strong and modify scaling exponents by order unity. In turn, for almost all irrelevant eigenperturbations, i.e. those due to couplings with increasingly large canonical mass dimension, the quantum effects on universal eigenvalues are increasingly minute, despite of the fact that the fluctuations are non-trivial and that higher order vertex functions remain non-zero. 6 As a closing remark, we stress that near-Gaussian behaviour such as (35) and (36) is not mandatory for asymptotic safety. Rather, the much weaker constraints v n (N ) < 1 are still in accord with the principles of asymptotic safety and a finite dimensional UV critical surface. From the viewpoint of the full theory for quantum gravity, our findings thus consolidate the results [13, 59, 71] that "most of quantum gravity" is rather weakly coupled, except for a few dominant interactions which relate predominantly to the vacuum energy, Newton's coupling, and a fourth order interaction. Equally important is the observation that higher-order interactions help to anchor the fixed point, yet their precise form does not seem to matter substantially [71] . This pattern of results has interesting implications for "quantum gravity model building". Most notably, it offers guidance for the construction of simplified models capturing the key features of the full theory. It will be useful to test and exploit the signatures of weak coupling within alternative approaches to quantum gravity such as the lattice, loops, strings, or other.
G. de Sitter solutions from quantum gravity
Finally, we discuss implications of quantum gravity fixed points for quantum cosmology and phases of inflationary expansion. Of particular interest is the existence or not of de Sitter solutions in the quantum regime of the theory [65, 136] . There are strong observational indications for inflationary phases both during the early-time [137, 138] and the late-time cosmological evolution of the universe [139] . Inflation may well be generated quantum-gravitationally provided the scalar curvature R of the quantum effective action becomes nearly constant so that the cosmological evolution becomes similar to that of a de Sitter universe. The real positive solutions of the quantum equation of motion E(R) = 0 with E(R) = 2f (R) − Rf (R) then determine the corresponding Hubble parameter.
In asymptotically safe versions of gravity, (anti-)de Sitter solutions arise by default in the Einstein Hilbert approximation as soon as the cosmological constant comes out positive (negative) in the UV. Also, de Sitter solutions may arise along UV-IR connecting trajectories provided the RG scale is suitably identified with, e.g., the inverse cosmological time (k ∝ 1/t) [140] , Ricci curvature (k 2 ∝ R) [141] , or through Bianchi identities [136] . Results for approximations beyond Einstein-Hilbert have also been found. Within f (R) quantum gravity, it was investigated in [142] whether polynomial expansions of the flow (11) display de Sitter solutions. High-order studies and resummations have established that there are none for the flow (11), albeit narrowly, and up to background Ricci curvature of the order of RG scale [65] . Instead, complex conjugate pair of de Sitter solutions were found order by order, with a small imaginary part (dubbed "near de Sitter"), alongside an anti-de Sitter solution. It was also noticed that small variations of the fixed point couplings may generate de Sitter solutions [65] . A single de Sitter solution has also been reported within an exponential parameterisation of the metric fluctuations [62, 63] and within a geometric formulation of the flow [64] . In [143] a vertex expansion around a spherical background was performed and the equation of motion has been calculated from the flow of the background effective action as well as from the one-point function. While no solution was found in the former, an anti-de Sitter solution does appear in the latter. Finally, in [71] it was found that high-order polynomial actions also involving Ricci tensor interactions R µν R µν and powers thereof equally generate an AdS and two dS solutions in the fixed point regime.
In Fig. 7 we display our new findings for the scaling solution f (R) (full line) and for the quantum equation of motion (dashed line) from the new flow equation (16) . The gray-shaded area indicates the polynomial radius of convergence (25) . Results in the full domain of validity up to |R| < R + (21) are obtained by numerical integration of (20) . Overall, we find that gravity remains anti-screening for all background curvatures (f (R) < 0). We also observe that de Sitter solutions are absent within the polynomial radius of convergence, in agreement with earlier findings [65] . For larger Ricci curvature of the order of the RG scale, however, and within the range (21), two de Sitter solutions and an anti de Sitter solution are found
Results are confirmed independently with Padé resummations of the polynomial fixed point solution. While the AdS solution is qualitatively in agreement with [65] , the interesting novelty is the occurrence of two de Sitter solutions. The difference is traced back to the improved flow (16) and the absence of technical poles (12) . Albeit numerically small, these differences turn the complex conjugate de Sitter solutions of the flow (11) [65] into two real de Sitter solutions (37) . With all other approximations being equal, we conclude that the removal of technical artifacts around R ≈ 3 and R ≈ 4 has enabled real de Sitter solutions in the fixed point regime. In this light, the considerations of [142] can straightforwardly be applied It is worth comparing our results (37) with those from the quantum gravity model of [71] , where the higher curvature terms beyond Einstein-Hilbert are of the form (R µν R µν ) n and ∝ R·(R µν R µν ) n for n ≥ 1, and thus quite different from the powers of the Ricci scalar ∝ R n+1 employed in this work. The vacuum solutions of [71] is given by R AdS − = −2.143 , R dS + = 0.996 , R dS ++ = 1.458 .
The results (38) are very close to those found here, (37) , despite of the differences in the underlying models. The quantitative similarity would seem to suggest that the existence of de Sitter solutions such as (37) or (38) is a genuine feature, potentially independent of the type of higher curvature terms retained in the effective action. However, the vacuum solutions (37) are non-perturbative in that they arise for curvatures outside the polynomial radius of convergence (25) . As such, the de Sitter solutions become visible only after numerical integration beyond the polynomial radius of convergence, or after Padé resummation. This aspect is different from the de Sitter solutions (38) since the latter arise strictly within the radius of convergence of the corresponding model [71] , which came out more than twice as big as the radius found here, (25) . In either setting, the de Sitter solutions arise for curvature still within the range (21) dictated by the fluctuations-induced poles of the flow. Also, reducing either setting to the Einstein-Hilbert action would yield a single de Sitter solutions with a curvature roughly half as large as (37), see Fig. 7 .
The results (37) and (38) with two different types of de Sitter solutions in the UV is noteworthy for phases with accelerated expansion in cosmology [65, 71] . Specifically, it suggests a scenario of quantum cosmology in which two distinct vacua are already available in the quantum gravity domain. If these persist along RG trajectories running out of the UV fixed point towards lower energies, they allow for separate phases of accelerated cosmological expansions. The first one would end after a finite cosmological time with R dS = R infl and f (R) ∝ R 2 infl leading to inflation in the early universe [144] . The second one for which R dS = 4Λ (where Λ is the cosmological constant) gives rise to the late-time accelerated expansion as soon as the contributions to the energy density of the universe are dominated by Λ. We conclude that early and late-time phases of accelerated cosmological expansion may very well originate from the quantum gravity.
IV. DISCUSSION AND CONCLUSIONS
We have investigated the asymptotic safety conjecture for models of quantum gravity using Wilson's renormalisation group. The main novelty are improved momentum cutoffs, chosen in such a way that technical curvature poles along the renormalisation group flow are absent (16), (20) . A powerful algebraic code was developed to exploit exact recursive relations determining the fixed point in polynomial approximations up to including N = 70 powers of the Ricci scalar ∼ √ gR N [89], doubling-up over previous efforts [13, 59, 65] . The existence of a stable UV fixed point (Tab. 1) is confirmed with well-converging scaling exponents, and in accord with expectations guided by canonical power counting (Figs. 1, 2) . Predictivity in the UV -which lies at the heart of the asymptotic safety conjecture -is associated with a finite number of relevant couplings. The corresponding UV critical surface is confirmed to be three-dimensional (Figs. 3, 4) , again in good agreement with earlier findings. We conclude that the fixed point and its universal aspects are stable and only mildly modified by the removal of spurious poles. From the viewpoint of the full quantum theory of gravity beyond the approximations adopted here, we have argued that our results offer the lower bound (31) on the number of fundamentally free parameters. In addition, our findings suggest that an upper bound is approximately given by the number of canonically relevant and marginal couplings of the theory. We have exploited the validity of canonical power counting [13, 59] for which abundant evidence has been given (Figs. 2, 4) . We have also discussed mild tensions amongst earlier findings and explained why differences in the underlying projection methods can lead to qualitative differences in the eigenvalue spectrum. This is particularly relevant for the canonically marginal interactions where small quantum effects may tip their relevancy either way.
Another important result is the confirmation of near-Gaussian scaling (Fig. 5) . A finite number of relevant eigenvalues (Fig. 3) would have already been sufficient for asymptotic safety to arise. Instead, and despite of the interacting nature of the fixed point, the universal eigenvalues (32) approach near-classical values (30) with increasing canonical mass dimension, modulo mild subleading corrections. A similar pattern of findings is known from exactly solvable non-gravitational models where near-canonical scaling is traced back to near-Gaussian fixed points [104] [105] [106] [107] [108] [109] [110] or the occurrence of strictly marginal interactions [113] [114] [115] [116] . Deviations of irrelevant eigenperturbations from canonical scaling (34), (35) can then be taken as small parameters in the sense of perturbation theory. Our findings thus consolidate that "most of quantum gravity" is rather weakly coupled (Fig. 6) , except for a few dominant interactions [13, 59, 71] . It is also confirmed that the precise form of higher-order interactions is of subleading relevance for this pattern [71] . Our results have interesting conceptual and practical implications for "quantum gravity model building", and, possibly, for other approaches to quantum gravity.
A qualitatively new result has arisen in the context of cosmology. The quantum equation of motion show the existence of de Sitter solutions (Fig. 7) , a prerequisite for cosmological scaling solutions. Here, de Sitter solutions arise as a direct consequence of the absence of spurious curvature poles. Earlier studies have found near de Sitter solutions in an otherwise identical set-up [65] . Our findings seem to illustrate how important it can be to avoid technical artefacts of the RG flow even if their effects are quantitatively moderate. The vacuum solutions compare well with those found recently in models with additional Ricci tensor invariants [71] . It will be interesting to see whether de Sitter solutions persist in even more sophisticated models of asymptotically safe quantum gravity. The presence of two de Sitter solutions opens a door for quantum gravity-induced models of inflationary expansions at early or late cosmological times, and comparison with data [137] [138] [139] along the lines of [136] . We hope to come back to these topics in future work.
